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In the last time, several papers concerning the homological dimensions of 
rings have appeared in the literature. Among others, C. Nastasescu [lo] has 
shown that for a semiartinian ring R, gl.dim R = sup dim S, S ranging over 
all the simple R-modules. Further, M. L. Teply [13] established that 
gl.dim R < 2, whenever the Goldie’s torsion theory splits and R has zero 
singular ideal. F. L. Sandomierski [12] investigated the homological dimen- 
sions of rings having T-nilpotent sequence of ideals. 
The main purpose of this paper is to develop a general theory that relates 
the homological dimensions and torsion theories. All the results mentioned 
above (and others) are obtained as simple corollaries. 
1. PRELIMINARIES 
In this paragraph we give basic notions and present several useful state- 
ments. Some of them (which we have not found in the literature) are proved, 
for other details see [3-9, 14, 151. Throughout this paper, R always stands 
for an associative ring with identity , .Mod (Mod,) will be the category of all 
unitary left (right) R-modules. A pair (Y, 9) of classes of modules is called 
a torsion theory if F n .F = 0, Y is closed under epimorphic images, 9 is 
closed under submodules and for every n/r E .Mod there is an exact sequence 
0 + r(M) -+ M -+ M/r(M) + 0 
such that r(M) E Y and M/r(M) E 9. Thus any torsion theory uniquely 
determines an (idempotent) radical r. As it is well known, a pair (Y-, cF) 
is a torsion theory i f f  
.F = {&Z E &Iod / Hom(M, B) = 0 for all B E F}, 
9 = (B E &Iod 1 Hom(M, B) = 0 for all ME Y}. 
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In this case, the class Y is closed under epimorphic images, extensions and 
direct sums and the class 9 is closed under submodules, extensions and direct 
products. Modules from Y (F) are called torsion (torsionfree). Further, we 
shall say that a module M splits (in (Y-,9)) if its torsion part r(M) is a direct 
summand. A subclass 9 C r generates (Y-,9) if 
9 = {ME .Mod 1 Hom(B, M) = 0 for all B E S?‘>, 
is a basis of (Y-, S) if every nonzero torsion module contains a nonzero 
submodule isomorphic to a module from g. 
LEMMA 1.1. Let (Y, F) be a torsion theory and 38 2 9. 
(i) 1f 93 is a basis of (9, 9) then 8 generates (5, 9). 
(ii) I f  5? generates (Y-, 9) and is closed under epimorphic images then @ 
is a basic of (Y, 9). 
Proof. Obvious. 
A torsion theory (r, 9) is called 
- hereditary if Y is closed under submodules, or equivalently, if 9 is 
closed under injective hulls, 
- cohereditary if .F is closed under epimorphic images, 
- stable if Y is closed under injective hulls, or equivalently, if every 
injective module splits, 
- costable if every projective module splits, or equivalently, if every 
torsionfree module has a projective torsionfree presentation, 
- splitting if every module splits, i.e., if Ext(F, T) = 0, whenever FE CF 
and T E Jr, 
- cosplitting if Ext( T, F) = 0, whenever F E 9 and T E 5. 
A module M is called 
- Y-injective if Ext(T, M) = 0 for all T E 9, 
- S-projective if Ext(M, F) = 0 for all F E .‘. 
I f  M E .Mod then fi always denotes the injective hull of 34. By ExtO(M, N) 
we mean Hom(M, N). 
LEMMA4 1.2. Let (9, 9) be a torsion theory and M E .Mod. The following 
are equivalent: 
(i) M is Y-injective, 
(ii) &I/ME F. 
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Proof. (i) => (ii). Consider the exact sequence 
O-+M+N+N/M+O, 
where N/M = r(M/M). Since M is Y-injective, the above sequence splits, 
and hence r(M/M) = 0, M being essential in N. 
(ii) s (i). Let T E Y be arbitrary. The exact sequence 
0 = Hom( T, fi/M) + Ext( T, M) + Ext( T, a) = 0 
yields the result. 
I f  ME .Mod and M is the inverse image of r(M/M) under the natural 
projection then, by Lemma 1.2, M is Y-injective and, obviously, l@/M E Y. 
The module M is called the Y-injective hull of M. 
LEMMA 1.3. Let (r, 9) be a stable torsion theory. Then every Y-injective 
module splits and every torsion .7-injective module is injective. 
Proof. Let M E &Iod be a Y-injective module. Then, by Lemma 1.2, 
fi/M E 9, and consequently r(M) C M. Thus r(A) = r(M) and r(M) is a 
direct summand in I’M, since (Y, 9) is stable. Further, let T be an arbitrary 
Y-injective torsion module. As (7,9) is stable, FEE. Hence T/T E 
FnF=O. 
LEMMA 1.4. Let (r, S) be a torsion theory and 
O-tK+P+M-+O 
be an exact sequence such that K E Jo and P is projective. Then M is an 9- 
proj.ective module. 
Proof. For every F E 9 we have the exact sequence 
0 = Hom(K,F) + Ext(M,F) -+ Ext(P,F) = 0. 
Hence Ext(M,F) = 0. 
LEMMA 1.5. Let (T-,9) be a torsion theory am! ME &Iod be an arbitrary 
module. Then there exists an exact sequence 
such that K E .F and P is .F-projective. 
Proof. Let 0 - A ---f F - M + 0 be an arbitrary projective presentation 
of M. In view of Lemma 1.4, it is enough to put K = A/r(A) and P = 
W-(A)- 
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LEMMA 1.6. Let (Y, 9) be a costable torsion theory. Then every .9- 
projective torsionfree module is projective. 
Proof. Let F be an arbitrary torsionfree F-projective module. By the 
hypothesis, there is an exact sequence 
04A+P+F-+O 
such that P E ,F is projective. Since F is F-projective, this sequence splits 
and therefore F is a projective module. 
A system & of left ideals of the ring R is called a radical filter if the following 
conditions hold: 
(Fl) IflCKareleftidealsandIEdthenKEQ. 
(F2) If  I E 8 and a E R then 
(I : a) = {b E R 1 ba E I> E B. 
(F3) If  I C K are left ideals, K E B and (1: 12) E G for all k E K then 
IEG. 
As it is well known (see, e.g., [5], [9]), th ere is a one-to-one correspondence 
between radical filters and hereditary torsion theories given by the following: 
(i) I f  (7, PJ is a hereditary torsion theory then 
t” = {I 11 is a left ideal and R/I E Y} 
is a radical filter. 
(ii) I f  d is a radical filter then (Y-, .F) is a hereditary torsion theory, where 
~=(M~~Mod/(O:m)~&forallm~M}, 
F = {NE .Mod j (0 : n) $ & for all n E N, n f  0). 
It is obvious that the set of all left ideals is a radical filter, called the trivial 
radical filter, and the corresponding hereditary torsion theory is (RMod, 0). 
Let & be a radical filter and (Y-, rF) be the corresponding hereditary torsion 
theory. A subset ti C & is called 
- a basis oft” if (R/I I I E X} is a basis of (Y, .F), 
- a generating subset of d if & is the least radical filter containing 2. 
LEMMA 1.7. Let 8 be a radical jilter and Z s_C Q be a generating subset 
satisfying the conditions (Fl), (F2). Then Z is a basis of 8. 
Proof. Let (Y-, .F) be the corresponding hereditary torsion theory and T 
be a nonzero torsion module. Put I = (0 : m), where m E T is a nonzero 
element. Then It 8. Since .%’ generates d and satisfies (Fl), (F2), there is 
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a E R such that a $ I and (I : a) E 2, as it is proved in [S]. Hence T contains 
a nonzero submodule isomorphic to R/(I : a), and we are through. 
LEMMA 1.8. A countable sequence of two-sided ideals generates the trivial 
radical$lter ;fJit is right T-nilpotent (in the sense of [12]). 
Proof. See [8]. 
A torsion theory (F-,9) is called. 
- fundamental if it possesses a generating class consisting of simple modules 
rt is always hereditary), 
- (’ the Dickson’s torsion theory if it is generated by the class of all simple 
modules, 
- the Goldie’s torsion theory if it is hereditary and the corresponding 
radical filter is generated by the set of all essential left ideals. 
Let M E .Mod. We shall say that M is 
- a weak test module for injectivity if Ext(B, X) = 0 for all factormodules B 
of M implies X is injective, 
- a weak test module for projectivity if Ext(X, A) = 0 for all submodules A 
of M implies X is projective, 
- a test module for injectivity if any module injective with respect to every 
monomorphism f : A --, M is injective, 
- a test module for projectivity if any module projective with respect to 
every epimorphism g: M + B is projective. 
Obviously, each projective (injective) weak test module for injectivity 
(projectivity) is a test module. Conversely, any test module is a weak test 
module. 
A module M is called linearly compact if every system of congruences 
x = xi (mod MJ, i E I, has a solution, provided Mi are submodules of M, 
I is a linearly ordered set and Mj C Mi , xi - xj E Mi , whenever i < j. 
LEMMA 1.9. Let M be a linearly compact module and let 
P 
f 
+ 
O-N ----+M-+M/N---+O 
be a diagram with natural morphisms in the row. Then there exist a submodule A 
of a module N and a homomorphism h: P + M/A having the following properties : 
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(i) The diagram 
P 
h 
A f 
0 ----f N/A -+ M/A - M/N---t0 
is commutative. 
(ii) If B is a submodule of A such that B # A then the diagram 
P 
h 
O-+A/B---~M/BBM/ALO 
cannot be made commutative. 
Proof. Let ~2’ be a set of all ordered pairs (C, g) such that C is a sub- 
module of N, g: P --f M/C is a homomorphism and the diagram 
P 
Ll 
Jl 
f 
O-N/C-+ M/C- M/N ----f 0 
commutes. Introduce the partial ordering in ~2’ by (Ci , gi) < (Cj , gj) i f f  
Ci C Cj and the diagram 
P gi A gj 
M/C, --+ M/C, -+ 0 
commutes. We shall show that (J%‘, , <) satisfies the hypotheses of Zorn’s 
lemma. For, let JV C ~2’ be a linearly ordered subset JV = ((Ci , gi) j i E I} 
and X = nisi Ci . Let p E P be arbitrary and xi = gi( p), i E I. Obviously, 
xi - xj E Ci if i, j E I and Cj C Ci . Since M is linearly compact, there is 
xEMsuchthat x-~xi~Ci,i~I.~ow,letk(p)=x+X.Itisaneasy 
exercise to show that k: P--f M/X is a homomorphism, (X, k) E ~2’ and 
(X, k) < (Ci , gi) for all i E I. 
Let 02,&Y C .Mod. We define 
dim(02, 9) = inf n, 
n ranges over all nonnegative integers such that 
0 = Ext”+i(4, B) = Extn+2(A, B) = ... for all i4~CY, BEG?. 
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The infimum of the empty set is the symbol CQ. Similarly, if CPI C Mod, and 
g C sMod then 
w.dim(& 9J) = inf 71, 
n ranges over all the nonnegative integers such that 
0 = Tor,+r(A, B) = Tor,+,(A, B) = ... for all A E a, B E 9?. 
Further, 
gl.dim R = dim(,Mod, .Mod), 
w.gl.dim R = w.dim(Mod, , sMod). 
2. BASIC PROPERTIES 
PROPOSITION 2.1. Let (F-, 9) be a torsion theory. Then 
gl.dim R = max(dim(9,5), dim(9,9), dim(9, 9), dim(9,9)). 
Proof. Obviously m < gl.dim R, where 
m = max(dim(Y, Y), dim(9, S), dim(9, Y), dim(9,9)). 
In order to prove the converse inequality, we can assume that m is finite. 
Let r be the corresponding radical and A, B arbitrary modules. The following 
commutative diagram with exact rows and columns (for n > m) 
0 = Ext”(A/r(A), r(B)) --+ Ext”(A/r(A), B) -+ Ext”(Ajr(A), B/r(B)) = 0 
1 1 1 
Ext”(A, r(B)) - Ext”(A, B) -+ Ext”(A, B/r(B)) 
1 1 1 
0 = Ext”(r(A), r(B)) __f Ext”(r(A), B) - Ext”(r(A), B/r(B)) = 0 
yields the required result. 
PROPOSITION 2.2. Let (r-,9) be a torsion theory. If  every torsion module 
has a torsionfree presentation (i.e., is a homomorphic image of a torsionfree 
module) then for every class of modules OZ 
(i) dim(Y, CY) < dim(9,6?) + 1, 
(ii) dim(Q!, ,Y) < dim(& a), 
(iii) gldim R ,( dim(.F, -9) + 1. 
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Further, if (Jo, 9) is costable and every torsion submodule of a projective torsion 
module is a direct summand then (i) holds for every class of modules CE. 
Proof. Let every torsion module have a torsionfree presentation, let 
T E 9 be arbitrary and let 
be a torsionfree presentation of T. Then for every module A and n > 0 
we have the exact sequences 
Ext”(K, A) - Ext’l -‘(T, A) --j Extn+l(F, A), 
Ext”(A, F) ---f Ext”(A, T) -+ Extn+r(.4, K) 
and the assertion easily follows. Further, let (Y-, 9) be costable and every 
torsion submodule of a projective torsion module be a direct summand, let 
T E Y be arbitrary and let 
O+K+P-+T+O 
be a projective presentation of T. Then P = r(P) @Q, r being the corre- 
sponding radical. The exact sequence 
0 --t K/r(K) + r(P)/r(K) @ Q + T--f 0 
yields for n > 0 and A E &‘Iod 
Ext”(K/r(K), A) + Extnfl(T, A) + Ext”+l(Q, A), 
since 
Extn+r(r(P)/r(K) @ Q, A) g Ext”+r(r(P)/r(K), A) @ Ext”+l(Q, A) 
g ExW(Q, ;2), 
r(P)/r(K) being projective according to the hypothesis. 
COROLLARY 2.3. Let (F-, 9) be a torsion theory such that R E 9. Then 
gl.dim R < dim(9, 9) + 1. 
PROPOSITION 2.4. Let (.Y-, 9) be a torsion theory. If  every torsionfree 
module can be imbedded into a torsion module then for every class of modules GZ 
(i) dim(@ 9) < dim(0& Y) + 1, 
(ii) dim(9, a) < dim(Y, a), 
(iii) gl.dim R < dim(Y, Y) + 1. 
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If (7, 9) is stable and every torsionfree factormodule of an injective torsionfree 
module is isomorphic to a direct summand then for every class of modules Q? the 
condition (i) holds. 
Proof. I f  every torsionfree module can be imbedded into a torsion module, 
F E 9 is arbitrary and 
is an exact sequence with L E 9 then for every module ,4 and n > 0 we have 
the exact sequences 
Ext”(A, N) + Extn+l(A, F) --f Ext71+l(A, L), 
Ext?“(L, A) - Ext”(F, A) - Extn+l(N, A) 
and the assertion easily follows. Further, let (F-, 9) be stable, let every 
torsionfree factormodule of an injective torsionfree module be isomorphic to 
a direct summand and let FE F be arbitrary. Then P = r(P) @ Q and the 
exact sequence (K C Q is convenient) 
0-tF-r(p)@K-r(fi/F)-0 
yields for n > 0 and T E &Iod the exact sequence 
Ext”( T, r(fl/F)) - Ext”+l( T, F) + Extn+l( T, r(P)), 
because Extn+l( T, r(P) @ K) E Extn+l( T, r(P)), K being injective according 
to the hypothesis. The rest is similar. 
COROLLARY 2.5. Let (Y-, 9) be a torsion theory such that I? E 7. Then 
gl.dim R < dim(Y, Y) $-- 1. 
Proof. The hypothesis &ET guarantees that every injective module 
lies in r. Indeed, if I is injective then I is an epimorphic image of a direct 
sum of copies of 8. 
PROPOSITION 2.6. Let (Y, 9) be a torsion theory, Y be the class of all 
.Y-injectize modules and I?& 93 be arbitrary classes of modules. Then 
(i) dim(& 92) < max(dim(& Y) -t 1, dim(62’, ,a)), 
(ii) dim(g, a) :< max(dim(Y, 02) - 1, dim(9, a)), 
(iii) gldim R ::< max(dim(.F, .Y) A 1, dim(.P, .Y) f  1, dim(Y, Y), 
dim(9, 9)). 
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JIoreover, if (5,9) is hereditary then 
(iv) dim(@ 9) < max(dim(& S) + 1, dim(@, 9 n 9))) 
(v) dim(.9, a) < max(dim(Y, GI) - 1, dim(9 n 9, a)), 
(vi) gl.dim R < max(dim(7, 9) + 1, dim(9 f~ 9, 9) + 1, 
dim(Y, 9 (7 9), dim(X n 9,Y n 9)). 
Proof. Let A E a, B E ~3 and B be the Y-injective hull of B. Then we 
have for every n 3 0 the exact sequences 
Extn(iZ, B/B) + ExW(A, B) ---f ExtyLfl(A, B), 
Ext”(B, A) - Ext’%(B, A) + Ext71f1(B/B, A). 
The rest is obvious, using Proposition 2.1 and the fact that if (Y-, 9) is 
hereditary and B E 9 then B E 9. 
PROPOSITION 2.7. Let (9, .F) be a torsion theory, 9 be the class of all .F- 
projective modules and CT, g be arbitrary classes of modules. Then 
(i) dim(@, $8) < max(dim(9,9) + 1, dim(9, @), 
(ii) dim(9?, a) < max(dim(g, 9) - 1, dim(g, Y)), 
(iii) gl.dim R < max(dim(S, 9) + 1, dim(9, 9) + 1, dim(9, 9)) 
dim(9, .9)). 
Moreover, if (F-,3) is such that every torsion module has a projective torsion 
presentation (in particular, if R is left perfect and (F, 9) is cohereditary) then 
(iv) dim(Y, 3) < max(dim(9,99) + 1, dim(9 n F-, g)), 
(v) dim(g, Y) < max(dim(g, g) - 1, dim(.@, Y n F)), 
(vi) gl.dim R -< max(dim(3, 9) + 1, dim(9, B n Y) + 1, 
dim(.9’ n Y, S), dim(.Y n 9, .Y n 5)). 
Proof. Let A E Q?, B E ti and 
be an exact sequence such that P is S-projective and K E .F (see Lemma 1.5). 
Further we can proceed similarly as in the proof of Proposition 2.6. 
PROPOSITION 2.8. The following are equivalent for a torsion theory (9, 3): 
(i) (7, 3) is splitting, 
(ii) dim(.F, Y) == 0. 
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Proof. (i) =+ (ii). Let T E y  and FE 9 be arbitrary. Since (5,s) is 
splitting, F/T E r and Ext(F, T) = 0. For 7t > 1 we get an exact sequence 
Ext”(F, f/T) ---f Extn+l(F, T) --f ExW(F, F) = 0 
and it suffices to use the induction. 
(ii) 2 (i) trivially. 
For ease of reference we give the following propositions that are slight 
modifications of Teply’s results [13]. 
PROPOSITION 2.9. Let (r, 9) be a splitting torsion theory and Q! be such 
a class of modules that every module from GZ has a torsionfree presentation. Then 
dim(@ y) << 1. 
Proof. Let T E r, M E GZ be arbitrary and 
O+K+F+M-+O 
be a torsionfree presentation of M. The exact sequence 
Ext”(K, T) + Extn+l(M, T) - Ext”+l(F, T, 
and Proposition 2.8 yield the result. 
PROPOSITION 2.10. Let (r, 9) be a splitting torsion theory such that 
p/F E 7 for every F E p-. Then for every class of modules 0l 
dim(F, a) < 1. 
Proof. First we shall show 
dim(F, F) < 1. 
Let N, F E 9 be arbitrary. For n > 1 we have the exact sequence 
0 = Extn(F, fi/N) + Ext”A+l(F, N) + Extnfl(F, fi) = 0 
(by Proposition 2.8). 
Now, let ME GZ be arbitrary. Since (9, F) is splitting, M = X @ Y, 
where XE.~, Y ~9. Hence for every n 3 2, 
Ext”(F, M) G Ext”(F, X) @ Extn(F, Y) = 0 
by Proposition 2.8 and the first part of the proof. 
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COROLLARY 2.11. Let R possess a splitting torsion theory (5, 9) such 
that R E 9. Then 
gl.dim R z:T 2 
provided at least one of the following two conditions holds: 
(i) F/F E Jo for every F E 9, 
(ii) Every torsionfree factormodule of an inj’ective torsionfree module is 
a direct summand. 
Proof. By Corollary 2.3 and Proposition 2.9 we have 
dim(F, 9) < 1 and gl.dim R < dim(F, 9) + 1. 
An application of Proposition 2.10 or Proposition 2.4, respectively, finishes 
the proof. 
COROLLARY 2.12. (nI. L. Teply, [13], Theorem 2.2): Let R be a ring 
such that the Goldie’s torsion theory (7, .Y) splits and R E 9. Then 
gl.dim R < 2. 
COROLLARY 2.13. Let R possess a splitting torsion theory (Y, 9) such that 
every torsion submodule of a projective torsion module is a direct summand and 
F/F E .F for every FE .F. Then 
gl.dim R < 2. 
Proof. It follows immediately from Propositions 2.2 and 2.10. 
COROLLARY 2.14. Let R possess a splitting torsion theory (5, 9) such that 
RE~,REY. Then 
gl.dim R < 2. 
PROPOSITION 2.15. The following are equivalent for a torsion theory (7,9): 
(i) (7, 9) is cosplitting, 
(ii) (Y, 9) is hereditary and cohereditary, 
(iii) dim(Y, 9) = 0. 
Proof. (i) ti (ii). Let F E 9 and f: F --t M be an epimorphism. Denote 
k’ = f -‘(r(M)). But K E .F and by the hypothesis K E Kerf @ r(M). 
Hence r(M) E F n F = 0, and therefore (F-,9) is cohereditary. Let 
T E .Y and N C T. The exact sequence 
0 ---f N/r(N) + T/r(N) + T/N---> 0 
splits and hence N/r(N) = 0. Thus N = r(N) and (F, 9) is hereditary. 
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(ii) => (iii). Let FE 9, T E .Y be arbitrary. First we shall show that 
Ext(T, F) = 0. Let 
O+F-+P+T-+O 
be an exact sequence. As (Y-, 9) is hereditary, F n r(P) = 0. Further, 
P/(F + r(P)) E Y as an epimorphic image of P/F g T. On the other hand, 
P/(F + r(P)) E 9, since (Y, 9) is cohereditary. Thus P E F @ T. For 
n > 1 we have the exact sequence 
Ext”( T, p/F) - Ext”+l( T, F) --f Extn+l( T, p) = 0. 
However, p/F E F, (9, S=) being hereditary and cohereditary, and we are 
through (by induction). 
(ii) 2 (i) trivially. 
COROLLARY 2.16. Let (Y, 9) be a cosplitting torsion theory such that 
for each F E F there is an exact sequence 
O+K+P-+F-+O 
with K E Y and P projective. Then 
dim(9,9) = 0. 
Proof. For all F, S E 9 and n 3 0 we have the exact sequence 
0 = Ext”(K, S) + Extnfl(F, S) + Extn+l(P, S) = 0, 
which yields the result. 
3. DIMENSIONS OF TORSION CLASSES 
LEMMA 3.1. The following are equivalent for a stable torsion theory (r, F): 
(i) dim(02, Y) < n for every class of modules r2, 
(ii) dim(7, Y) ,( n, 
(iii) Ext%+l(S, T) = Ofor all S, T E Y, 
(iv) I f  O+ T-+Qo-+Q1+ *.. --f Q, --f 0 is an exact sequence such 
that T E 5 and Q,, ,..., QnW1 are injective torsion modules then Qn is an injective 
torsion module. 
Proof. (i) => (ii) * (iii) trivially. 
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(iii) 3 (iv). The exact sequence 
O+ T+QO-+Q1+ . ..+Q++Qn+O 
we can decompose into 
O-+So+Q,,+S1+O, 
O---tS1+Q1-fS2+0, 
. 
0 - q-1 - QZn-1 - & - 0, 
where S,, = T, S, = Qn. Obviously, Qn E Y. For any ME F, 0 .< i < 
n - 1 and K 3 1 we have the exact sequence 
0 = Ex@(M, Qi) + Ex+(M, Si+,) ---f ExP+l(M, SJ + Ext”+r(M, QJ = 0, 
and hence Ex@(M, S,+r) E Ext”+l(M, SJ. Thus 
Ext(M, S,) g Ext2(M, S,-,) g ... z Extn+l(M, S,) = 0 
Therefore, S, = Qn is Y-injective, and consequently injective (see 
Lemma 1.3). 
(iv) =+ (i). Let S E .Mod, T E Y and m > n be arbitrary. Let 
0-t T+Q,,-tQ1+...-tQi+-.. 
be an injective resolution of T. From the stability of (Y, 9) and from (iv) 
it follows that we can take Qi E Y for all i 3 0, and QZn+r = QZnf2 = ... = 0. 
Hence 
Extn+l(S, T) = Extn+2(S, T) = ... = 0 
and the proof is finished. 
PROPOSITION 3.2. Let (F-, F) be a stable torsion theory. Then 
(i) dim(F, 9) < dim(Y, YJ, 
(ii) gkdim R < max(dim(Y, 9) + 1, dim(9 A 9, 9 n 9), dim(Y, 
9 n F)), where 9 is the class of all F-injective modules. 
Proof. (i) follows trivially from Lemma 3.1. 
(ii) First we shall prove 
dim(9,9) f  max(dim(9 n 9,4 n P), dim(Y, 9 n <F)). 
Let A, B E 4. Since (Y, 9) is stable, A = r(A) @ C and B = r(B) @ D, 
where C, D E 9 n .F. Hence for every n > 1 
Ext”(A, B)r Ext”(r(A), r(B)) @ Ext”(r(A), D) @ Ext?(C, r(B) @ Ext”(C, D). 
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However, Extn(r(A), r(B)) = Ext”(C, r(B)) = 0, since r(B) is injective. 
Similarly we can show 
dim(F, 9) < dim(F, $ n 9). 
Now we can use Proposition 2.6 and Lemma 3.1. 
THEOREM 3.3. Let (F-, F) be a stable torsion theory and .!29 be a basis of 
(F, 9). Then 
dim(F, 7) = dim(99, F). 
Proof. Without loss of generality we can assume that dim(a, F) = 
n < co. Let 
O-+ T-,Q~-tQ,~...jQ,_,~Q,~O 
be an exact sequence such that T E 9- and Q,, ,..., Qn-l are injective torsion 
modules. Let 
o-x- Y-Z-O 
f 
I 
Q?l 
be such a diagram that 0 # Z EF and f cannot be extended to any V, 
X $ V C Y (Zorn’s lemma). There exists 0 # A E 9? such that A s U/XC Z. 
It is merely a routine to show 
Ext(U/X, QJ s Extn+l(A, T) = 0. 
Thus f extends to U 3 X, a contradiction. Hence Q,, is F-injective, and 
consequently injective (by Lemma 1.3). 
COROLLARY 3.4. Let (F, 9) be a stable torsion theory and 98 _C Y be a 
subclass generating (F-, 9). Then 
dim(F, F) = dim@%, F), 
provided g is closed under epimorphic images. 
Proof. By Lemma 1.1 and Theorem 3.3. 
COROLLARY 3.5. (C. Nastisescu [lo, Corollaire 2.1). For a semiartinian 
ring R, 
gl.dim R = sup dim(S, sMod), 
where S ranges over all simple modules. 
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COROLLARY 3.6. Let (Y, 9) be a hereditary stable torsion theory and & 
be the corresponding radicalJilter. Then 
dim(F, 7) = ;;J dim(R/I, F), 
whenever .2 is a basis of &. 
COROLLARY 3.7. (M. Auslander [I], Theorem 1). For any ring R, 
gl.dim R = sup dim(R/I, .Mod), 
I ranging over all left ideals. 
LEMMA 3.8. Let (F-,9) be a hereditary torsion theory and M be a 
(categorical) generator of .Mod. Then F E 9 is Y-injective z&f Ext( T, F) = 0 
for every torsion factormodule T of M. 
Proof. Let X ET be arbitrary. As M is a generator, we have an epi- 
morphism f : zip1 Mi ---f X, M, g M. Denoting I& = MJKer f  n Mi , 
i E I, we get also an epimorphism g: xitl Ki ---f X. However, Cisl Ki E Y 
and Ker g E F-, since (7,-F) is hereditary. Now, the exact sequence 
0 = Hom(Ker g, F) --f Ext(X, F) + Ext 2 K. F g fl Ext(Ki, F) = 0 
‘i.1 ’ ’ ) iEl 
finishes the proof, the converse being trivial. 
LEMMA 3.9. Let (Y-, 9) be a splitting torsion theory and M be a weak test 
module for injectivity. Then T E 5 is injective i f f  Ext(L, T) = 0 for every 
torsion factormodule L of M. 
Proof. Let M/K be a factormodule of M. As (Y, 9) is splitting, M/K z 
L/K @ S/K, where L/K ~9, S/K ~9. Further, L/K G MIS and 
Ext(M/K, T) z Ext(M/S, T) @ Ext(S/K, T) = 0, due to the hypothesis. 
Since M is the weak test module, T is injective and we are through. 
COROLLARY 3.10. Let (9, CF) be a splitting torsion theory such that 0 is 
the only cyclic torsion module. Then every torsion module is injective. 
PROPOSITION 3.11. Let (F-,9) be a hereditary splitting torsion theory and 
M be a weak test module for injectivity which is a (categorical) generator of 
RMod. Then a module L is Y-injective 28 Ext(T, L) = 0 for every torsion 
factormodule T of M. 
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Proof. The assertion follows immediately from Lemma 3.8 and Lemma 3.9 
(because of the splitting of (7,F)). 
For the sake of completeness we give the following. 
PROPOSITION 3.12. Let (F, 9) be a hereditary torsion theory. Then a 
module L is F-injective i f f  Ext(R/I, L) = 0 for every I E 6, 8’ being the corre- 
sponding radical$lter. 
Proof. See, e.g. [7]. 
THEOREM 3.13. Let (F-, 9) be a splitting torsion theory, M be a weak test 
module for injectivity and J&L be a system of all torsion factormodules of M. Then 
dim(7,.7) = dim(&‘, .7). 
Proof. We can suppose dim(&, 7) = n < co. Let 
0-t T-tQ,~Q,~...~Q,,-tQ,~O 
be an exact sequence such that T E 7 and Q, ,..., Qn-r are injective torsion 
modules. Obviously Qn E 7. Further, 0 = Extn+l(A, T) E Ext(A, Qn) for 
every A E &. Thus, by Lemma 3.9, Qn is injective, and an application of 
Lemma 3.1 completes the proof. 
THEOREM 3.14. Let (F, 9) be a splitting torsion theory and M be a 
projective test module for injectivity. Let 4 be a system of torsion factormodules 
of M such that every nonzero torsion factormodule of M contains a nonxero 
submodule isomorphic to some module from A’. Then 
dim(7,7) = dim(&, S). 
Proof. The nontrivial case is dim(&, 7) = 1z < co. Let 
O+ T-tQ,~Q,~...-tQ,_,-tQ,--tO 
be an exact sequence such that T E 7 and Q,, ,..., Q,+r are injective torsion 
modules. Consider a diagram 
O-N- M-----+ M/N-O 
f 
J- 
0 h?z 
such that 0 # M/N E 7 and f  cannot be extended to any K, N $ K C M. 
There exists 0 # A E JY such that A E L/N _C M/N. Since A E A, 
Ext(L/N, Qn) G Extn+l(A, T) = 0, 
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a contradiction. Thus Qn is injective with respect to arbitrary monomorphism 
h: N-t Mwith M/NEY. However, Mis projective, so that Ext(M/N, Q,J = 0. 
Now, Lemma 3.9 and Lemma 3.1 yield the result. 
COROLLARY 3.15. Let (Y-,9) be a splitting torsion theory and let Ij , j E J, 
be a system of left ideals such that every nonzero cyclic torsion module contains a 
nonzero submodule isomorphic to R/I, for some j E J. Then 
dim(Y, 9) = sup dim(R/lj , F). 
jd 
4. DIMENSIONS OF TORSIONFREE CLASSES 
LEMMA 4.1. The following are equivalent for a costable torsion theory 
(F-,3-): 
(i) dim(F, GY) < n for every class of modules CY, 
(ii) dim(%, 9) < n, 
(iii) Extn+l(S, T) = Ofor all S, T E 9, 
(iv) I f  0 + P, -+ Pnel ---f ... --f P1 ---f PO + F + 0 is an exact sequence 
suchthatFE9andP,,,..., Pnpl are projective torsionfree modules then P, is so. 
Proof. The proof is dual to that of Lemma 3.1. 
PROPOSITION 4.2. Let (r-, 9) be a costable torsion theory. Then 
(i) dim(.F, 7) < dim(F, F), 
(ii) &dim R < max(dim(9, 9) + 1, dim(g n 7, F), dim(B n 9, 
g n Y)), where 9 is the class of all g-projective modules. 
Proof. The proof is dual to that of Proposition 3.2. 
COROLLARY 4.3. Let (Y, F) be a stable or costable torsion theory. Then 
ghdim R = max(dim(F, F), dim(.F, F), dim(F, 9)). 
Proof. By Propositions 2.1, 3.2, and 4.2. 
LEMMA 4.4. Let (Y-, 9) be a coherditary torsion theory and M be a 
(categorical) cogenerator of .Mod. Then T E 9 is F-projective z#Ext( T, F) = 0 
for every torsionfree submodule F of 111. 
Proof. Dual to that of Lemma 3.8. 
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LEMMA 4.5. Let (Y, 9) be a splitting torsion theory and M be a weak test 
module for projectivity. Then FE g is projective # Ext(F, L) = 0 for every 
torsionfree submodule L of M. 
Proof. Dual to that of Lemma 3.9. 
PROPOSITION 4.6. Let (Y, 9) be a cohereditary splitting torsion theory 
and M be a weak test module for projectivity which is a (categorical) cogenerator 
of &Iod. Then a module L is .9-projective $8 Ext(L, F) = 0 for every torsionfree 
submodule F of M. 
Proof. It follows easily from Lemmas 4.4 and 4.5. 
THEOREM 4.7. Let (Y, 3) be a splitting torsion theory, M be a weak test 
module for projectivity and .B be a system of all torsionfree submodules of M. Then 
dim(F, 9) = dim(S, g). 
Proof. The proof is dual to that of Theorem 3.13. 
THEOREM 4.8. Let (Y-,9) be a splitting torsion theory and M be a linearly 
compact injective test module for projectivity. Let 23 be a system of torsionfree 
submodules of M such that every nonzero torsionfree submodule of M has a 
nonxero factormodule isomorphic to some module from 93. Then 
dim(F, 9) = dim(F, G?). 
Proof. Without loss of generality we can assume that dim(S, g) = 
n < co. Let 
0 + P, --f P& + . ..+P.-+P,+F+O 
be an exact sequence such that F E 9 and P, ,..., P,-l are projective torsion- 
free modules. Consider a diagram 
p, 
f 
+ 
O-N- M- M/N---+ 0 
such that 0 # N E 9 and (N, f) is minimal in the sense of Lemma 1.9. 
There exists A such that A $ N and N/A E g. Hence Ext(P, , N/A) z 
Ext”+l(F, N/A) = 0, which gives a contradiction with the minimality of N. 
Thus P, is projective with respect to any epimorphism h: M + N with 
Ker h E F. But M is injective, and therefore Ext(P, , L) = 0 for every 
torsionfree submodule L of 111. An application of Lemmas 4.5 and 4.1 
finishes the proof. 
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5. APPLICATIONS 
PROPOSITION 5.1. Let I be a two-sided ideal and GZ be a class of modules. 
Then for every left ideal K zuith I C K, 
dim(R/K, 02) < dim(R/I, 6Y) + gl.dim R/I. 
Proof. We can suppose that the right-hand side of the above inequality 
is finite, say n. The spectral sequence [2] 
Ext&(R/K, Ext,‘(RZ, A)) 7 ExtRn’(R/K, A) 
for m > n and A E 6%’ yields the result. 
PROPOSITION 5.2. Let (9, -9) be a torsion theory and r be the corresponding 
radical. Then for every class of modules GY 
dim(S-, 0!) < dim(R/r(R), 02) + gl.dim R/r(R). 
Proof. Let F E 9 be arbitrary. Then r(R) . F = 0, since for every m E F, 
r(R) . m is torsion. Hence F is an R/r(R)-module. Thus for all F E 9, A E GZ 
we have the spectral sequence 
ExtiircR)(F, Ext,R(Rir(R), A)) 7 Ext,“(F, A), 
and the assertion easily follows. 
COROLLARI- 5.3. Let (Y, 9) be a cosplitting torsion theory. Then 
dim(9,9) < gl.dim R/r(R). 
Proof. For every n > 0 and F E 9 we have the exact sequence 
0 = Ext’“(r(R), F) + Ext”+l(R/r(R), F) + 0 
and now we can use Proposition 5.2. 
COROLLARY 5.4. Let (Y, 9J be a costable torsion theory. Then for every 
class of modules ~3 
dim(9, GZ) < gl.dim R/r(R). 
Proof. Obvious, since r(R) is a projective module. 
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PROPOSITION 5.5. Let (%, %) be a torsion theory and r be the corresponding 
radical. Then for every class of modules fl 
dim(GY, %) < w.dim(R/r(R), .6X) + gl.dim R/r(R). 
Proof. As it is easy to see, r(R) is a two-sided ideal and hence we may 
consider R/r(R) to be a right R-module. Then for all FE %, A E CZ we get 
the spectral sequence 
Ext(lR,r(R)(Tor.R(RIr(R), A),F) 7 ExtR”(A, F) 
and the assertion can be easily deduced. 
COROLLARY 5.6. Let (5, %) be a torsion theory such that R/r(R) is flat as 
a right R-module. Then for every class of modules GZ 
dim(O!, %) < gl.dim R/r(R). 
PROPOSITION 5.7. Let I be a two-sided ideal and CpI be a class of modules. 
Then for every left ideal K with I C K, 
dim(CPd, R/K) < w.dim(R/I, 02) + gl.dim R/I. 
Proof. The spectral sequence 
Ext$lr(Tor,R(R/I, A), R/K) F ExtR”(A, R/K) 
for A E GZ implies the result. 
THEOREM 5.8. Let Z be a system of left ideals satisfying the conditions 
(Fl), (F2) and generating the trivial radical filter. Then 
gl. dim R = sup dim(R/I, .Mod). 
I&T 
Proof. By Lemma 1.7, 2 is a basis of the trivial radical filter, and it 
suffices to use Corollary 3.6. 
THEOREM 5.9. Let X? be a system of two-sided ideals generating the trivial 
radical f;lter. Then 
gl. dim R < ;z;(dim(R/I, .Mod) + gl. dim R/I). 
Proof. Let N be the set of all left ideals that contain at least one ideal 
from X. By the hypothesis and Lemma 1.7, Jlr is a basis of the trivial radical 
filter. An application of Theorem 5.8 and Proposition 5.1 completes the proof. 
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COROLLARY 5.10. (F. L. Sandomierski [12], Theorem 3.4). I f  {I,) is 
a right T-nilpotent sequence of two-sided ideals of a ring R then 
gl. dim R < sup(dim(R/I, , ,Mod) + gl. dim R/I,). 
lJ 
LEMMA 5.11. Let 0 = I,, -CI, C ... _C I, be a sequence of two-sided ideals 
such that Ii+JIi are R/&projective, i = I,..., n - 1. Then for 0 < i < n - 1 
and for every class of modules 0?, 
dim(Ii+r/Ii , 02) < i + dim(Ir , a), 
dim(Ii+, , CPI) < i + dim(Ir , a). 
Proof. We shall proceed by induction. For i = 0, the assertion is trivial. 
Further, Ii+,/Ii is (as an R/I,-module) an epimorphic image of M = C n/r, , 
Mj G R/I, , and, being R/Ii-projective, is isomorphic to a direct summand 
of M. Henceforth, 
dim(I,+,/I, , 02) < dim(M, a) = dim(R/Ii , a). 
But the exact sequence 
0 ---f I< + R + R/Ii ---f 0 
yields 
dim(R/Ii , a) < dim(Ii , 02) + 1. 
Further, the exact sequence 
implies 
0 - Ii + I,+, + I,+,/& + 0 
dim(Ii+r , GY) < dim(Ii+r/Ii , CPI). 
THEOREM 5.12. Let (7, 9) be a stable fundamental torsion theory and 
0 = I, C I1 C ... C In = r(R) be a sequence of two-sided ideals such that 
Ii.+JIi are semisimple R/Ii-projective modules, i = I,..., n - 1. Then 
(i) dim(Y, S) < max(dim(I, , Y) + n - 1, 
gl.dim R/r(R) + dim(R/r(R), Y)), 
(ii) dim(9, Y) < gldim R/r(R) + dim(I, , Y) + n, 
(iii) dim(Y, 9) < w.dim(R/r(R), Y) + gl.dim R/r(R), 
(iv) dim(9, 9) < w.dim(R/r(R), 9) + gl.dim R/r(R), 
(v) dim(F, 9) < dim(R/r(R), 9) + gl.dim R/r(R), 
(vi) gl.dim R < max(dim(Ir , 9) + n - 1, gl.dim R/r(R) + 
dim(R/r(R), aMod), gl.dim R/r(R) + w.dim(R/r(R), Y)), 
(vii) gl.dim R < max(gl.dim R/r(R) + dim(Ir , .Mod) + n, 
gl.dim R/r(R) + w.dim(R/r(R), 7)). 
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Proof. (i) Put 
A@’ = {I / 1 is a maximal left ideal and R/I E F}. 
Since (,Y-, 9) is fundamental, A is a basis of the corresponding radical filter. 
In view of Corollary 3.6, 
Denote 
dim(Y, ,Y-> = sup dim(R/l, 9). 
IE.dt 
Jv; = {I E A’ 1 r(R) C II, 
With respect to Proposition 5.1, 
N* = JfqN; . 
sup dim(R/I, 9) < dim(R/r(R), Y) + gl. dim R/r(R). 
Id”, 
Further, let I E Jr/-, be arbitrary. There is j, 0 < j < n - 1, with Ij _C I and 
.Zj+l g I. Hence, R/I = (1,+r + 1)/I g Ij+r/(l n lj+r) is a homomorphic 
image of the semisimple module Ij+r/lj. Thus R/I is isomorphic to a direct 
summand in Ij+r/lj , and consequently Lemma 5.11 gives 
dim(R/Z, 9) < j + dim(1, , Y). 
(ii) follows from (i), since, by Lemma 5.11, 
dim(R/r(R), .7) < dim(r(R), Y) + 1 < dim(1r , Y) + n. 
(iii) and (iv) are immediate consequences of Proposition 5.5. (v) follows from 
Proposition 5.2. 
(vi) is clear by Proposition 2.1 and the above inequalities, since the stability 
of (Y, 9) yields (by Proposition 3.2) 
(vii) similarly. 
dim(F, Y) < dim(Y, 9). 
COROLLARY 5.13. (C. Nastasescu [II], ThCoreme 2.1). Let R be a 
semiartinian ring and 0 = I0 C I1 C ... C I, = R be a sequence of two-sided 
ideals such that Ii+JIi are semisimple and projective as R/Ii-modules, 0 < i -s 
n - 1. Then 
gl.dim R < n - 1. 
COROLLARY 5.14. Let R be a regular ring with stable Dickson’s torsion 
theory, r be the corresponding radical and n be the length of the socle sequence 
of R. Then 
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(i) gl.dim H ‘- max(n - I, dim(Rjr(K), ,Jlod) + gl.dim R/r(R)), 
(ii) gl.dim R < n + gl.dim R/r(R). 
Proof. For a regular ring R, Sot R is projective and w.gl.dim R = 0. 
Hence, an application of Theorem 5.12 completes the proof. 
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